We propose a GMM estimator with optimal instruments for a probit model that includes a continuous endogenous regressor. This GMM estimator incorporates the probit error and the heteroscedasticity of the error term in the first-stage equation in order to construct the optimal instruments. The estimator estimates the structural equation and the first-stage equation jointly and, based on this joint moment condition, is efficient within the class of GMM estimators. To estimate the heteroscedasticity of the error term of the first-stage equation, we use the k-nearest neighbor (k-nn) non-parametric estimation procedure. Our Monte Carlo simulation shows that in the presence of heteroscedasticity and endogeneity, our GMM estimator outperforms the two-stage conditional maximum likelihood (2SCML) estimator. Our results suggest that in the presence of heteroscedasticity in the first-stage equation, the proposed GMM estimator with optimal instruments is a useful option for researchers.
Introduction
Consider the following probit model with a continuous endogenous regressor:
e i |z i , v i ∼ N (0, 1), for i = 1, 2, ..., n, where x i is a (1 × k) row vector of exogenous explanatory variables, y 2i is a continuous explanatory variable, and z i is a (1×l) row vector of instrumental variables that includes
x i as a subset. We assume that the first k elements of z i are x i . Then, we assume there are h excluded variables, which implies that l = k + h. The system of equations is assumed to be just or over-identified (i.e., h ≥ 1 and the part of γ that corresponds to the excluded variables includes at least one non-zero element). Following convention, we refer to (1) as the structural equation and (4) as the first-stage equation.
The probit model with a continuous endogenous regressor is typically estimated using the maximum likelihood method, assuming the multivariate normality of u i and v i . However, the normality assumption on v i is a strong assumption because it excludes the case where v i exhibits heteroscedasticity. It also excludes cases where y 2i has limited support and, thus, where v i has limited support. Rivers and Vuong (1988) proposed a two-step conditional maximum likelihood (2SCML) estimation in which they assume the joint normality of u i and v i . 1 The 1 Rivers and Vuong (1988) adopt the joint normality of u and v throughout their analysis. However, they mention in footnote 1 that the joint normality assumption is stronger than necessary for the validity of their estimator and that their result is valid without the assumption of joint normality.
2SCML estimation estimates γ using the ordinary least squares (OLS) method in the first stage, and introduces y 2i −z iγ as an additional regressor in the second-stage probit. Now, consider the following equation:
Because e i |z i , v i ∼ N (0, 1), the conditional expectation of y 1i on y 2i , x i , and v i is given as:
where Φ is the standard normal distribution function. Thus, we have the conditional moment condition
Let Z 1i be a 1 × m 1 row vector, where each element is a function of y 2i , x i and v i , and
where m 1 ≥ k + 2. From the law iterated of expectations, we have
With regard to y 2i , the conditional expectation of y 2i on z i is E(y 2i |z i ) = z i γ. Thus,
we have E[y 2i − z i γ|z i ] = 0.
Let Z 2i be a 1 × m 2 row vector, where each element is a function of z i , and where m 2 ≥ l. Then, we have
to estimate the parameters of both the first-stage equation and the structural equation.
In our GMM, our optimal instruments use the information on the conditional variance of the probit error and the conditional variance of the error of the first-stage equation.
In contrast, the 2SCML estimator of Rivers and Vuong (1988) only uses the information on the probit error. With regard to the first-stage equation, the 2SCML estimator uses the OLS method. Here, we use the GMM with the optimal instruments, utilizing the heteroscedasticity information in the first-stage error term. Thus, the main difference between our GMM estimator and the 2SCML estimator is the treatment of the first-stage equation.
Does using the first-stage heteroscedasticity generate an efficiency gain over the 2SCML estimator for estimating the parameters of the structural equation? This is a natural question since, in most cases, researchers are interested in the parameters of the structural equation rather than the parameters of the first-stage equation. We argue that it is possible to make the estimation of the structural equation more efficient by estimating the first-stage equation more efficiently. To see why, consider the standard linear two-stage least squares (2SLS) estimator. In the standard 2SLS, if the predicted variable made by the instrumental variable is imprecise, the precision of the 2SLS becomes low. However, by modeling the heteroscedasticity of the first-stage equation, we can make the prediction of the endogenous variable more precise, which means we can estimate the structural equation more precisely. Our GMM with the optimal instruments adopts the same logic, increasing the precision of the estimated parameters of the structural equation.
Note that to increase the efficiency by modeling the heteroscedasticity of the error term of the first-stage equation, we need to estimate this heteroscedasticity. However, since we do not know its functional form, it may seem that this efficiency gain is difficult to achieve in practice.
In this study, we propose using the k-th nearest neighbor (k-nn) non-parametric estimation method to estimate the heteroscedasticity of the error term of the first-stage equation. In a very important paper, Robinson (1987) studied the feasible generalized least squares estimator when the functional form of the error term is unknown. He showed that by using the k-nn non-parametric method, the estimator of the parameter of the main equation performs as well as the GLS estimator.
Extending the result of Robinson (1987) , Newey (1990) and Newey (1993) analyzed the instrumental variable estimation using the k-nn non-parametric estimation of the conditional expectation and the heteroscedasticity. In these studies, he proved that the estimated coefficients of the structural equation behave as if the conditional variance is known, rather than estimated. This implies that when we apply the k-nn nonparametric method to estimate the conditional variance in our GMM, we can conduct statistical inferences as if the conditional variance is known.
A natural question to the above argument is to what extent the estimate of the structural estimate is improved by considering the heteroscedasticity in the first-stage equation. We conduct a Monte Carlo simulation to investigate this issue, and show that there is a substantial efficiency gain when estimating the parameters of the structural equation. The order of improvement in terms of the root-mean-square error (RMSE) from the true parameter value varies from 0% to 50%, depending on the heteroscedasticity in the first-stage equation and on the endogeneity of one of the explanatory variables.
In the literature, a GMM estimator of the probit model with continuous endogenous regressors was originally suggested by Grogger (1990) . However, Dagenais (1999) and Lucchetti (2002) have shown the inconsistency of the proposed GMM estimator.
Here, we first propose a consistent estimator that is efficient within the class of GMM estimators.
The remainder of this paper is organized as follows. In section 2.1, we consider the optimal instrument in the case of the two-step estimation procedure. In this setting, we illustrate the importance of considering the heteroscedasticity in the first-stage equation when constructing the optimal instrument. In section 2.2, we analyze the optimal instrument in a more general setting and characterize the optimal instrument. In section 3, we discuss our Monte Carlo simulation. Here, we show there is a substantial efficiency gain from using the GMM estimator with the optimal instruments when endogeneity and heteroscedasticity are present in the first-stage equation. In section 4, we present an empirical analysis using the proposed GMM with optimal instruments and the 2SCML methods. Lastly, section 5 concludes the paper.
Analysis

Optimal Instrument in the Two-Step Estimation
In this section, we illustrate the role of considering the heteroscedasticity in the firststage equation when constructing the optimal instrument. Here, we consider the efficient estimator within the class of two-step estimators and characterize the optimal instrument. In this setting, we show that the optimal instrument must utilize the information on the heteroscedasticity of the first-stage equation. Then, in section 2.2, where we provide the main result, we characterize the optimal instrument in a more general class.
From (9), consider the following sample moment:
Since y 1i − Φ(αy 2i + x i β + ρv i ) = e i and e i are i.i.d., it is natural to assume that
For consistency, we need a stronger condition than (12). Let θ 1 = [α β ρ]. Let Θ 1 be the possible parameter space. We assume that the following uniform convergency holds:
Similarly, for the first-stage equation, we assume that
. Let Θ 3 be the possible space of θ 3 . We also assume that the following uniform convergency holds:
For identification, we assume that α, β, and ρ that satisfy E[Z 1 {y 1i − Φ(αy 2i + x i β + ρv i )}] = 0 are the true parameters and are unique. With regard to the instrument Z 1i , until now, we have assumed that Z 1i is a function of y 2i , x i , and v i . Note that when γ is known, knowing y 2i and z i is equivalent to knowing
we henceforth assume that γ is known in the instrument Z 1i and that Z 1i is a function of y 2i , x i , and z i . Since z i includes x i , we can state that Z 1i is a function of y 2i and z i .
Later, we analyze the effect of replacing γ with γ, namely the consistent estimate of γ, when constructing Z 1i .
Next, we define an m 1 × 1 vector q 1i (θ, γ) as follows:
Similarly, define an m 2 × 1 vector q 2i (γ) as follows:
Let W 1 and W 2 be m 1 ×m 1 and m 2 ×m 2 symmetric positive definite weighting matrices, and let W 1 and W 2 be estimated matrices of W 1 and W 2 , respectively, where plim ( W 1 ) =W 1 and plim( W 2 ) = W 2 . Then, we choose θ 1 to minimize the following objective function:
Let θ 1 be the solution of the above GMM problem. Let θ o 1 be the true parameter value. Let γ o be the true parameter value of γ. Then, the standard GMM argument implies
] and it is m 1 × (k + 2) matrix.
Note that
and
We assume that γ is estimated by solving the following GMM problem:
and is an m 2 × l matrix;
Thus, (16) can be written as follows:
Then, E[q 1i ] = 0 and E[s i ] = 0 from the law of the iterated expectations, and
In the above equation, (21) is the covariance matrix of the GMM estimator when γ is known. The term (22) 
This equation implies that E[s i s i ] is the asymptotic covariance of γ. Thus, choosing Z 2i to make γ efficient will also make θ 1 more efficient when there is endogeneity on y 2i and there is heteroscedasticity in the error term of the first-stage equation. When y 2i is not endogenous, ρ = 0 and A = 0. Thus, making E[s i s i ] small does not affect
To make E[s i s i ] smallest in the sense of the matrix, we apply the standard argument of the optimal instrument because E[s i s i ] is the asymptotic covariance of γ. The optimal instrument Z * 2i is a 1 × l vector, defined as
With regard to the choice of Z 1i , it is not possible to characterize the optimal instrument of Z 1i in the class of two-step estimators unless it is just identified. In other words, it is not possible to find Z 1i that minimizes (20). This is because Z 1i affects both (21) and (22). Therefore, one alternative solution would be to find Z 1i that minimizes (21).
Let Z * 1i be Z 1i that minimizes (21). Then, Z * 1i becomes
This implies that Z * 1i can be written as follows:
where z ji is the j-th element of z i .
φ is the standard normal density function (32) The above equation has a quite intuitive interpretation. In each case, the observation with the higher variance should have the lower weight for the instrument. Furthermore,
is the variance term that comes from the probit error.
When Z * 1i and Z * 2i are chosen according to (24) and (29), we solve the following moment conditions:
where γ is the solution of (34)
The above result shows one of the key differences between the GMM estimator and the 2SCML method proposed by Rivers and Vuong (1988) . In the case of the 2SCML method, the first stage is estimated using an OLS approach. In the GMM estimator, the first stage is estimated using (F)GLS in order to utilize the heteroscedasticity information in the first-stage equation. As equation (22) shows, utilizing the heteroscedasticity of the error term of the first-stage equation increases the efficiency of the estimated parameters of both the first-stage equation and the structural equation.
Note that in the two-step GMM estimator, the instrument for the structural equation is not optimal unless it is just identified. 2 To find a fully efficient estimator, we need to consider a more general class of estimator. In the next subsection, we consider the class of GMM estimators in which both the first-stage equation and the structural equation are estimated jointly. Since the two-step estimator can always be written as a joint-estimator, considering a one-step estimator implies that we are looking for an efficient estimator within a broader class of estimator.
Optimal Instruments in the Class of Joint-estimation
In the previous subsection, we characterized the optimal instruments in the class of two-step estimators. We were able to characterize the optimal instrument for the firststage equation, but were not able to find the optimal instrument for the structural equation. In this subsection, we consider the optimal instrument in the class of jointestimations. As we show, in this case, we can find the optimal instrument for both the first-stage equation and the structural equation. We characterize the form of optimal instrument in this setting and show that this instrument achieves the minimum bound in the class of GMM estimators.
It may seem that finding the optimal instrument is straightforward from the result of Chamberlain (1987) . However, in our model, the information sets used for the conditional expectation are different for the two equations owing to the endogeneity.
This implies that the optimal instruments in our setting are not obvious. Now, define the residual r 1i and r 2i as follows:
Let Z 1i be the m×1 instrument vector that corresponds to r 1i , where m ≥ k +l +2. We assume that Z 1i is a function of y 2i and z i . Since z i includes x i , this is not restrictive.
Let Z 2i be an m × 1 instrument matrix that corresponds to r 2i . We assume that Z 2i is a function of z i . Using the conditional expectation, we have
Let θ 3 = [α β ρ γ] , and let Θ 3 be the possible parameter space of θ 3 .
Then, we define Z 3i as
Let r 3i be an 2 × 1 matrix, where
Now, consider Z 3i r 3i . This is an m × 1 matrix and
Then, we have
Because we have E[Z 1i r 1i ] = 0 and E[Z 2i r 2i ] = 0, we have
Since E[Z 3i r 3i ] = 0, it is natural to consider the following sample moment:
Let θ o 3 be the true value. Using the standard GMM argument, we have
where
In addition, the asymptotic variance of
Let Z * 3i be the optimal instrument, and let δ ≡ [α, β, ρ]. Now, we have the following proposition:
Proposition
The 2 × (2 + k + l) matrix, Z * 3i , is the optimal instrument:
The asymptotic variance of √ n( θ 3 − θ o 3 ) is given by:
The proof consists of several steps. First, we show that G 3 = G 3 . This implies
Fourth, we show that if the asymptotic covariance has this form, it achieves the minimum bound. The proof is provided in the appendix.
Note that when Z * 3i is defined in this way, the moment condition becomes
This is equivalent to
Thus, we have the following moment conditions:
We can make several observations on the above moment conditions. First, the above conditions again clearly show the importance of considering the heteroscedasticity in the first-stage equation, which is captured by σ 2 1 (z i ) −1 . Second, the moment conditions show that for excluded variables, the moment conditions of the first-stage equation and the structural equation need to be stacked together, which is absent in the case of the 2SCML estimator when it is over-identified. Third, in the just-identified case, the above joint-estimation can be implemented in two steps 3 . Thus, in the just-identified case, the moment conditions considered in the previous section, (33) and (34), are also fully efficient. 3 We can prove the just-identified case as follows. Note that the first k elements of z i are x i . Thus, from (49) and (51), we have 1 n n i=1 σ 2 2 (z i ) −1 x i r 2i = 0 k×1 . For the excluded variable, from (48), (49), and (50), we have 1 n n i=1 1 Φi(1−Φi) φ i z i,(k+1) r 1i = 0, where z i,(k+1) is the (k + 1)-th element of z i . From (51), we have that 1 n n i=1 σ 2 2 (z i ) −1 z i,(k+1) r 2i = 0. Thus, the moment conditions coincide with the moment conditions in the two-step case.
Estimating
To use the instrument Z * 3i , we need to estimate σ 2 2 (z i ). To estimate σ 2 2 (z i ), we need to know the functional form of the conditional variance. When researchers are not confident of the functional form of the conditional variance of the error term of the first-stage equation, a reasonable approach is to use a non-parametric method. In the literature on non-parametric methods, many methods have been proposed for nonparametric estimations of heteroscedasticity ( Carroll (1982) and Robinson (1987) )(For survey of the literature, see Li and Racine (2007) and Wolfgangs and Linton (1994) ).
Among these methods, that of Robinson (1987) is prominent. Robinson (1987) studied the performance of the estimator in the feasible GLS model when the functional form of the conditional variance of the error term is unknown. He showed that by using the knearest neighbor non-parametric method, the estimator of the main equation behaves at the same speed as when estimated using the GLS. Newey (1990) and Newey (1993) used non-parametric estimations of the conditional expectation and the heteroscedasticity for the instrumental variable estimation. Here, we follow the procedure suggested by Newey (1990) . Let z ji be the j-th element of z i . Let σ z j be the sample standard deviation of the j-th element of z i . For i = t, calculate the standardized distance of observation i and t(i = t), d(i, t), as follows:
For each observation z i , rank the observation according to d(i, t), where t = i. Then, choose the first k observations according to d(i, t) from those that that satisfy d(i, t) > 0. Define N (z i ) as follows:
N (z i ) = {t : z t is one of the first k observations according to d(i, t), where d(i, t) > 0.} Let σ 2 2i be the calculated squared residual of the error of the first-stage equation at z i , where the residual is calculated using the OLS approach. Next, the conditional variance of k-th nearest neighbor at z i is calculated as follows:
where σ 2i is the calculated residual of observation of i.
To choose an optimal value of k, we use the cross-validation (CV) method. Since m k (z i ) is already calculated by excluding observation i, the CV function is
The CV method chooses k to minimize CV (k).
The theoretical results of Robinson (1987) , Newey (1990) , and Newey (1993) show that, asymptotically, the estimates of the parameters of the main equation behave as if the conditional variance is known, rather than estimated, when the above k-nn non-parametric method is used. We can apply their results directly to our GMM estimator. A natural question is how the GMM estimator behaves in practice when the k-nn non-parametric estimation method is used. In section 3, we conduct a smallscale Monte Carlo simulation using this method to estimate the conditional variance of the error term of the first-stage equation. The simulation shows that when there is heteroscedasticity and endogeneity, applying both the k-nn non-parametric estimation of the heteroscedasticity of the first-stage error and the GMM results in a substantial efficiency gain when estimating the parameters of the structural equation.
The Effect of the Preliminary Estimates
In order to construct Z * 3i , we need to calculate Φ i . To calculate Φ i , we need preliminary estimates of α, β, ρ, and γ, whose probability limits are the true values. In addition, we need to use the estimate value of σ 2 2 (z i ) to construct Z * 3i . Here, we determine the asymptotic behavior of √ n( θ 3 − θ o 3 ) when the estimated values of α, β, ρ, γ, and σ 2 2 (z i ) are used. Let Z * 3i be the estimated value of Z * 3i based on the preliminary consistent estimate of α, β, ρ, γ, and σ 2 2 (z i ). As in previous subsection, we assume that σ 2 2 (z i ) is estimated using the k-nn non-parametric method. We further assume that the CV method is used to find the optimal k. Then, it can be shown that the mean value expansion of n −1/2 Z * 3i r 3i is the same as the mean value expansion of n −1/2 Z * 3i r 3i , based on the arguments of Newey (1990) and Newey (1993) , and in particular, on Theorem 1 of Newey (1993) . Thus, using the preliminary consistent estimates to construct the instrument does not affect the asymptotic distribution of √ n( θ 3 − θ o 3 ).
Estimation Procedure
The actual procedure for the estimation is as follows:
1. Run the OLS regression y 2i on z i , and keep the residual asv i . Calculatev 2 i . 2. Run the probit regression y 1i on y 2i , x i ,v i , and estimate α, β, and ρ. Denote the estimates of these parameters as α, β, and ρ, respectively. Using α, β, and ρ, calculate
3. Apply the k-nn non-parametric method to estimate σ 2 2 (z i ) fromv 2 i . Since we do not know which element of z i should be included in order to calculate σ 2 2 (z i ), we include all elements of z i when applying the k-nn non-parametric estimation of σ 2 2 (z i ). For the choice of k, use the CV method to choose the optimal k for the k-nn non-parametric estimation. Once k is determined, apply the k-nn estimator to estimate σ 2 2 (z i ). Let σ 2 2 (z i ) be the estimate of σ 2 2 (z i ). 4. Conduct the GMM estimation using the following moment conditions, assuming that the weighting matrix is the (k + 2 + l) × (k + 2 + l) identity matrix:
5.
In order to calculate the asymptotic variance of √ n( θ 3 − θ o 3 ), we use equation (47). Let R(y 2i , z i ) be the calculated residual after following the above GMM procedure.
Let Ω(z i , y 2 i ) be the estimated conditional variance. Then, the asymptotic variance is calculated as
3 Monte Carlo Simulation
We conduct Monte Carlo simulations to assess the performance of our proposed GMM estimator. We consider the following model:
We set the parameter values as α = 1, β 0 = 1, β 1 = −1, γ 0 = 1, γ 1 = 1, γ 2 = −1, and γ 3 = −1. The error term e is drawn randomly from the standard normal distribution.
The error term v follows a normal distribution with heteroscedasticity. We assume that v ∼ N (0, e λz 2 ), where λ is a parameter showing the degree of heteroscedasticity. When λ = 0, the variance of v is constant. We set λ = 0, 1, 1.5 and compare the 2SCML estimator and the GMM estimator with optimal instruments, where the heteroscedasticity is estimated using the k-nn non-parametric method. Here, ρ
shows the degree of endogeneity of y 2 and y 1 . For the value of ρ, we consider the cases where ρ = 0, 1, 2, −1, −2. 4 The random variables {x 1 , z 1 , z 2 } are drawn from the multivariate normal distribution with V ar(x 1 ) = V ar(z 1 ) = V ar(z 2 ) = 1 and Cov(z 1 , z 2 ) = Cov(x 1 , z 1 ) = Cov(x 1 , z 2 ) = 0.5. These settings are similar to the assumptions in Rivers and Vuong (1988) . The number of observations in each replication is set to 500 and we replicate the estimation 500 times. In order to conduct the k-nn non-parametric estimation of the conditional variance of the error of the first-stage equation, we need to set the parameter value of k. This is a smoothing parameter in the k-nn non-parametric estimation. To calculate k is time consuming because it needs to conduct a cross validation for all possible values from 1 to the number of observations. It is not realistic to calculate k in each replication separately. Thus, in this simulation, we first conduct 20 replications for ρ = 1 and λ = 1, then find the optimal k in each replication. Next, we calculate the average value for k, which we find to be 14 in these 20 replications. Thus, we fix k at 14 for all replications for different values of ρ and λ. Note that the optimal k can be different for different values of ρ and λ. In addition, even if the values of ρ and λ are the same, the optimal k may differ across replications. Thus, our Monte Carlo simulation underestimates the performance of the GMM with optimal instruments. We will demonstrate that, even in such a situation, our estimator outperforms the 2SCML method. Table 1 shows the bias and RMSE of the estimated α, β 0 , β 1 , and ρ for the two estimators. With regard to the bias, there is little difference between the 2SCML and GMM estimators. However, with regard to the RMSE, when there is endogeneity (ρ = 0) and a large degree of heteroscedasticity (λ = 1 ), there is a substantial efficiency gain when using the GMM with optimal instruments. For example, when ρ = 2 and λ = 1, the RMSE of α when using the 2SCML is 50 percent greater than when using the GMM with optimal instruments. When there is no endogeneity or no heteroscedasticity, there is no efficiency gain when using the GMM with optimal instruments.
The Effect of Non-labor Income on Married Women's Labor-force Participation
As an empirical application of the proposed method, we consider married women's labor-force participation decisions. The standard labor supply model predicts that married women participate in the labor force when their offered wages exceed their reservation wages. Since the offered wage of non-participants is not observed, it is typically modeled as a linear function of demographic characteristics, such as age, education, and race. In the following example, the reservation wage is modeled as a linear function of the number of children between ages 0 and 5, the household income, and the married woman's own labor earnings.
In addition to a married woman's own labor earnings, a typical source of household income is spousal earnings. An increase in spousal earnings generally increases the reservation wage of a married woman and reduces her probability of labor-force participation. Although we often observe a negative impact of husband's earnings on wife's labor-force participation, note that the husband's earnings could be endogenous. If a wife has a high ability in market work, she is more likely to work and spend less time on household production, such as child rearing. The husband, accordingly, may reduce his market work to share the burden of household production. The husband's endogenous allocation of efforts between market and household production makes the other household income (the household income less the married woman's labor earnings) endogenous. To deal with this potential endogeneity in the other household income, the variable is instrumented using dummy variables indicating the husband's occupation.
This empirical exercise is implemented by the data set provided by Lee (1995) , which was originally extracted from the 1987 wave of the Michigan Panel Study of Income Dynamics. The sample includes 3,382 married women, whose descriptive statistics are shown in Table 2 . Table 3 reports the regression results. Column (1) reports the probit regression, without considering the endogeneity of other household income. The increase in other household income decreases the labor-force participation rate in a statistically significant way. An increase in a husband's income decreases the wife's employment via the income effect. The estimated coefficients for the other covariates are standard.
Columns (2) and (3) report the estimation results for the 2SCML procedure (Rivers and Vuong (1988) ). The first-stage regression reported in Column (2) indicates that the husband's occupation strongly predicts other household income. The second-stage probit regression result in Column (3) indicates that other income does not explain the wife's employment, once endogeneity is considered. The estimated ρ is negative and statistically significant. As expected, the unobserved determinants of the wife's labor-force participation and other income are negatively correlated, perhaps resulting from the husband's endogenous effort allocation in market work.
The GMM estimations reported in Columns (4) and (5) are almost identical to the results using the 2SCML procedure. Thus, in this empirical example, the GMM with optimal instruments does not increase the precision of the estimator. The reason for this can be seen in Column (1), which shows that ρ, which estimates the degree of endogeneity, is quite low compared with the other parameters. When ρ is low, A in equation in (22) is also low. In such a case, there is little gain from estimating the firststage equation more efficiently, as we show in our Monte Carlo simulation. Thus, this empirical example confirms the Monte Carlo simulation result that the benefit of using GMM with optimal instruments depends on the heteroscedasticity in the first-stage equation and the endogeneity in the structural equation.
Conclusion
This study proposed an efficient GMM estimator for a probit model with a continuous regressor. We derived the optimal instruments that attain asymptotic efficiency within the class of GMM estimators in the presence of heteroscedasticity in the first-stage equation. Here, we use the k-th nearest neighbor non-parametric estimator to characterize the heteroscedasticity of the error term of the first-stage equation. A Monte Carlo simulation reveals that the GMM estimator based on optimal instruments performs better than the 2SCML estimator in the presence of heteroscedasticity. These results suggest that the GMM estimator with a non-parametric estimation of the heteroscedasticity of the first-stage equation is a useful tool for empirical research.
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Appendix : Proof of the optimality of the proposed instrument
In the first step, we show that G 3 = G 3 . When Z * 3i is used, then q 3i = Z * 3i r 3i . By the definition of G 3 , we have
Now we calculate R(y 2i , z i ) Ω(z i , y 2 i ) −1 . This can be calculated as follows:
For the top right, top left, lower left parts, we take the conditional expectation on y 2i and z i and apply the law of iterated expectation.

For the lower right part, first divide the expectation into two parts. Thus, we have
For the first term, we take the conditional expectation on z i and y 2i and apply the law of iterated expectation. For the second part, we take the conditional expectation on z i and apply the law of iterated expectation. Then, we have
Therefore, G 3 becomes
  Note that the above matrix is symmetric. It implies that G 3 = G 3 . Therefore, the asymptotic covariance of GMM can be written as
In the second step, we calculate E[q 3i q 3i ]. When the optimal instrument Z * 3i is used, q 3i = Z * 3i r 3i . Thus, E[q 3i q 3i ] becomes E[q 3i q 3i ] = E[Z * 3i r 3i r 3i Z * 3i ] = E[R(z i , y 2i ) Ω(z i , y 2 i ) −1 r 3i r 3i Ω(z i , y 2 i ) −1 R(z i , y 2i )]
Taking the conditional expectation on y 2i and z i and applying the law of the iterated expectation, we have E[R(z i , y 2i ) Ω(z i , y 2 i ) −1 E[r 3i r 3i |y 2i , z i ]Ω(z i , y 2 i ) −1 R(z i , y 2i )] 
